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(L. Iancu).The present paper deals with the orientational anisotropy, in the multiplicative elasto-plastic models
with non-zero spin and initial orthotropic anisotropy, under the supposition of small elastic strains, while
elastic rotations and plastic deformations are large. A new rate form of the model is derived in the Eule-
rian setting. The evolution in time for the Cauchy stress, plastic part of deformation, tensorial hardening
variables and elastic rotations involves the objective derivatives associated with the same elastic spin. A
common plastic spin is allowed in the model as direct consequences that follows from the adopted con-
stitutive framework of ﬁnite elasto-plastic materials with isoclinic conﬁgurations and internal variables.
In this model the orientation of the orthotropy directions are characterized in terms of the Euler angles,
which replace the elastic rotations. We provided a constitutive framework valuable for the description of
the evolution of the orthotropy orientation during a deformation process whose principal directions are
different from the orthotropic axes. Only when the plastic spin is non-vanishing, the orientational anisot-
ropy could develop. We proved that only when there exists an initial orthotropic axis which is orthogonal
to the sheet, the rotation of the orthotropic axes remains in plane, i.e. in the plane of the sheet, during a
plane deformation process. We investigate the effects of three different analytical expressions for the
common plastic spin. We make comparisons with the models and the numerical results already provided
in the literature.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
The constitutive model is developed in the ﬁnite elasto-plastic-
ity, based on the multiplicative decomposition of the deformation
gradient F into its elastic and plastic components, denoted by E and
P, respectively:
F ¼ EP; ð1Þ
under the supposition that the elastic strains are small, while the
elastic rotations, Re, are large. We adopt the point of view developed
by Cleja-Tigoiu (1990), Cleja-Tigoiu and Soós (1990) to describe
elasto-plastic materials with internal variables, with respect to
plastically deformed conﬁgurations (i.e. the so called local relaxed
isoclinic conﬁgurations), and the material symmetry concept intro-
duced inCleja-Tigoiu and Soós (1989, 1990) to characterize the struc-
tural anisotropyofmaterials. The general constitutive frameworkhas
been applied to a transversal anisotropic elasto-plastic material in
Cleja-Tigoiu (2000a), and the orthotropic ﬁnite elasto-plasticity in
Cleja-Tigoiu (2000b). When we consider that the crystallographic
axes are kept constant as directions in all local relaxed conﬁgurations,ll rights reserved.
+40 213156990.
oiu), iancu_lidia@yahoo.comwepractically realize the so-called isoclinic conﬁgurations in the ter-
minology adopted by Mandel (1972) and Teodosiu (1970).
The model proposed here includes non-zero plastic spin and
three types of anisotropy, namely initial structural anisotropy (the
orthotropic one), induced anisotropy of kinematic hardening type
and orientational anisotropy, which are emphasized as soon as
plastic deformations start to develop. As a consequence of the
material symmetry assumptions made in Cleja-Tigoiu and Soós
(1990), the constitutive and evolution equations should be invari-
antwith respect to the material symmetry group, which character-
izes the initial material anisotropy. In our case the initial structural
anisotropy is characterized by the orthotropic symmetry group
which is deﬁned in Liu (1982) by
g6 ¼ fQ 2 OrtjQni ¼ ni; or Qni ¼ ni; i ¼ 1;2;3g: ð2Þ
Only when the elastic strains are small during elasto-plastic pro-
cesses, the deformed anisotropic axis remain orthogonal if they
were initially orthogonal. In our case this means mi = Reni.
In this paper we shortly present the model with respect to
plastically deformed (i.e. isoclinic) conﬁgurations in Section 2.
Although the paper deals with small elastic strain while the elastic
rotations and plastic deformations are ﬁnite, we start from the
large deformation formalism since the kinematic relationships that
follows from the multiplicative decomposition lied to well deﬁned
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Subsequently, we derive in Section 3 the rate independent model
in the Eulerian description, by pushing away the constitutive rela-
tionships to the deformed conﬁguration (for the pushing away pro-
cedure) see also Cleja-Tigoiu and Maugin, 2000). The objective
time derivatives associated with the elastic spin, xe :¼ _ReðReÞT ,
naturally follow to be involved in the differential system which de-
scribes the evolution in time for the Cauchy stress, plastic part of
deformation, and internal variables. The elastic spin is expressed
through the difference between the motion spinW and the plastic
spin pushed away to the deformed conﬁguration. Indeed, the com-
mon plastic spin is allowed in the model as a direct consequence of
the passage from the isoclinic conﬁgurations to the deformed con-
ﬁgurations by a pushing away procedure.
In the rate form of the model we replace the elastic rotation,
which characterizes the orientation of the orthotropy directions,
by Euler’s angles. This new way of numerical implementation
allows us to derive the complete rate type elasto-plastic constitu-
tive model, those projection on the current anisotropic axes mi
contains the orientational variables described through Euler angles
only, in Section 3. We introduce three different analytical expres-
sions for the common plastic spin. We proved that the special case
when the orthotropic directions remain perpendicular to the sheet
plane can be derived from the general system, for all three plastic
spins considered.
The present paper deals with orientational anisotropy, which
has been emphasized experimentally by Kim and Yin (1997). The
orientational anisotropy consists of the rotation of the anisotropy
axes during a deformation process, whose principal directions
are different from the orthotropic axes of the metal sheet. The
orthotropic sheet samples are subjected to uniaxial tensile loading
having a non-zero angle with the anisotropic axis. This phenome-
non is explained and simulated by Dafalias (2000) in the constitu-
tive framework of orthotropic rigid plastic models with plastic spin.
Moreover, no orientational anisotropy occurs if the plastic spin be-
comes zero. Motivated by the experimental data from Kim and Yin
(1997), Dafalias assumed that orthotropy is preserved when the
orthotropic sheets are loaded by an angle with respect to their
anisotropic direction.
In Section 4 we exemplify the prediction of the model proposed
in Section 3. Here we consider a sheet made up from an orthotropic
material with the initial anisotropic axis arbitrarily oriented, i.e.
none of the initial orthotropic directions is orthogonal to the sheet,
and we assume that the body is homogeneously deformed under a
plane deformation state. As a principal result we prove that for all
three chosen plastic spins, if only one of the initial orthotropy
directions is perpendicular to the sheet, the orientational anisot-
ropy is developed in the sheet plane being described by the proper
rotation angle. Numerical examples emphasize the peculiar behav-
iour of the sheet depending on the material constants (elastic con-
stants, initial yield parameters and the hardening constants), initial
orientation of the orthotropic axis, and analytical models chosen
for the plastic spin.
Only if one of the symmetry directions coincides with the nor-
mal to the sheet plane, we could ﬁnd the previously analyzed
behaviour for Mandel type plastic spin in Cleja-Tigoiu (2007), i.e.
only one of Euler’s angle, namely the proper rotation, is involved
in the model. Furthermore, we also provide comparisons with
the models and results of Dafalias (2000) and Kim and Yin (1997).2. Orthotropic anisotropy
We consider an anisotropic crystalline material with the initial
orthonormal symmetry directions characterized by the set
{n1,n2,n3}. We denote bymi ¼ Eni; i 2 f1;2;3g; ð3Þ
the image through the deformation of the structural anisotropy
axes.
Remark. Following Mandel (1972), in the case of small elastic
strains, e, but large elastic rotations, Re, the polar decomposition
of the elastic part of the deformation can be represented through
the following relationships:
E ¼ ReUe; Ue ’ Iþ e; kek  1: ð4Þ
As a consequence of (3) and (4), the change in the orientation of the
othotropy directions and elastic spin are characterized by
mi ¼ Reni; and _mi ¼ _Reni xemi; i 2 f1;2;3g; xe :¼ _ReðReÞT :
ð5ÞRemark. The mass densities q0; ~q;q in the initial, plastically
deformed and actual conﬁgurations, respectively, are related by
~q ’ q, and q0 ¼ det P~q.2.1. Orthotropic elasto-plastic model
We shortly present the model with respect to the plastically de-
formed (isoclinic) conﬁguration, at every ﬁxed particle X of the
body, in terms of the history of the deformation gradient
t? F(X, t). As a straightforward consequence of the multiplicative
decomposition (1), the kinematical relationships between the
velocity gradient L and the rates of elastic Le and plastic Lp parts
of the deformation are derived:
L  _FF1 ¼ _EðEÞ1 þ E _PP1E1;
Le ¼ _EE1; Lp :¼ _PP1 ¼ Dp þWp:
ð6Þ
Here the skew-symmetric part of the rate of plastic deformation,Wp
deﬁnes the plastic spin. In the case of small elastic strains and large
elastic rotations, described through the relationships written in (4),
when we separate the symmetric and skew-symmetric parts from
(6) we obtain:
D ¼ Re _eðReÞT þ ReDpðReÞT ; W ¼ _ReðReÞT þ ReWpðReÞT : ð7Þ
In (7) D :¼ 12 ð _FF1 þ ð _FF1ÞTÞ, and W :¼ 12 ð _FF1  ð _FF1ÞTÞ are the
rate of the deformation tensor and the spin motion, respectively.
Here AT denotes the transpose of the tensor A.
Model. For any X, at every time t, the unknowns e, Re, P, a are
to be determined from the following set of relationships:
1. The elastic type constitutive equation which renders the Piola–
Kirchhoff stress tensor, denoted by p, and the evolution equa-
tions for both the plastic part of the deformation and the inter-
nal variables:p ¼ EðeÞ; E : Sym! Sym linear map
_PP1 ¼ lBðp;aÞ () Dp ¼ lNpðp;aÞ; Wp ¼ lXpðp;aÞ
_a ¼ llðp;aÞ;
Re _eðReÞT ¼ D ReDpðReÞT ; _ReðReÞT ¼W ReWpðReÞT :
ð8Þ2. The variation in time of the plastic part of the deformation and
the internal variables are associated with the yield function
Fðp;aÞ, by rate independent evolution equations, in terms of
the plastic factor (or multiplier) – l, which satisﬁes:lP 0; F 6 0; lF ¼ 0 Khun—Tucker conditions;
l _F ¼ 0; consistency condition:
ð9Þ
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lution functions, E;F ;Np;Xp and l, are invariant with respect to
g6.
4. Corresponding initial conditions:eðt0Þ ¼ 0; Reðt0Þ ¼ I; Pðt0Þ ¼ I; aðt0Þ ¼ 0: ð10Þ
Remark. If we eliminate the Piola–Kirchhoff stress, p, via the
linear elastic constitutive Eq. (8)1, a rate-type constitutive model
is provided. Consequently, e, Re, P and a can be viewed as solu-
tions of a differential system resulting from (8)–(10) to be solved
for a given history of the deformation gradient t? F(X, t) for any
ﬁxed material point.
Remark. According to the general representation theorem for an
anisotropic function proved by S.Liu (1982) and applied to the
invariant functions relative to the orthogonal group g6, there exist
the functions bE ; bF ; bNp; bXp and l^ depending on (p,a) and the orien-
tational variables (n1  n1,n2  n2), which are isotropic with
respect to all of their arguments, i.e. for any function f  g6 invariant
there exists an isotropic function f^ such that:
f ðp;aÞ ¼ f^ ðp;a;n1  n1;n2  n2Þ: ð11Þ
In the case of small elastic deformations, the following relation-
ships between the ﬁelds in the plastically deformed conﬁgurations
and their expressions derived by pushing away to the deformed
conﬁguration hold:
T¼RepðReÞT ; e¼ReeðReÞT ; a¼ReaðReÞT ; mi¼Reni; i¼1;2;3;
ð12Þ
for the elastic strain e, the Cauchy stress T and hardening variables
a.
When we take the time derivatives of the above ﬁelds, the
objective derivatives associated with the elastic spin, xe, for e; T
and a, are deﬁned via the formulae:
D
Dt
ðeÞ :¼ _e xee þ exe ¼ Re _eðReÞT ;
D
Dt
ðTÞ :¼ _TxeTþ Txe ¼ Re _pðReÞT ; ð13Þ
D
Dt
ðaÞ :¼ _axeaþ axe ¼ Re _aðReÞT ; D
Dt
mk :¼ _mk xemk:
These derivatives are involved in the differential system which de-
scribes the evolution in time for the Cauchy stress, plastic part of
the deformation, and internal variables.
2.2. Orientational anisotropy in terms of Euler’s angles
In the problem investigated herein, three types of orthogonal
axes have been considered, namely:
 j1, j2, j3, which correspond to ﬁxed directions,
 n1, n2, n3, the initial orthotropic axis, and
 m1, m2, m3, the rotated orthotropic axis, which satisfy the ini-
tial condition mi(t0) = ni, i = 1, 2, 3.
Let us denote by R 2 Orth the rotation of the deformed orthotro-
pic axis mi with respect to the ﬁxed axes ji:
Rjk ¼mk; for k ¼ 1;2;3; where mk ¼ Rikji; and Rik ¼ ji Rjk:
ð14Þ
R0 characterizes the rotation of the orthotropic axis n1, n2, n3, at the
initial moment, from the ﬁxed axis, and R(t0) = R0.
The elastic rotation Re 2 Ort is related to R by
Renk ¼mk; for k ¼ 1;2;3; and Reðt0Þ ¼ I;
ReðtÞ ¼ RðtÞRðt0Þ1:
ð15ÞThe rotation tensor R is expressed in terms of Euler’s angles (see
e.g. Beju et al., 1983), which are denoted by w – the precession, h –
the nutation, andu – the proper rotation. Euler’s angles are deﬁned
as follows: h is the angle between the axis m3 and j3, w measures
the angle between j1 and the nodal axis ON, which coincides
with the intersection line of the planes (j1, j2) and (m1,m2), while
u is the angle between ON and m1. The matrix associated with
the rotation tensor R is expressed with respect to the tensorial
basis ji  jk by
R¼
coswcosu sinwcoshsinu sinwcosu coswcoshsinu sinhsinu
coswsinuþ sinwcoshcosu sinwsinuþ coswcoshcosu sinhcosu
sinwsinh coswsinh cosh
0
B@
1
CA:
ð16Þ
Proposition 1
(a) The rotation tensor R is composed by three successive plan rota-
tions of angles: w – round about j3, h – round about nodal axis
ON, and u – round about m3, respectively. Thus:R ¼ R3R2R1; where R1 ¼
cosw  sinw 0
sinw cosw 0
0 0 1
0
BBB@
1
CCCA;
R2 ¼
1 0 0
0 cos h  sin h
0 sin h cos h
0
BBB@
1
CCCA; R3 ¼
cosu  sinu 0
sinu cosu 0
0 0 1
0
BBB@
1
CCCA;
ð17Þ
where R1, R2, R3 are written with respect to their appropriate
bases.(b) The spin xe ¼ _ReReT ¼ _RRT has the component representation
in the tensorial basis mi mj:xe ¼
0  _u _wcosh _hsinu _w sinhcosu
_uþ _wcosh 0  _hcosu _wsinh sinu
 _h sinuþ _wsinhcosu _hcosuþ _wsinhsinu 0
0
B@
1
CA:
ð18ÞIn the rate form of the model, we replace the elastic rotation which
characterizes the orientation of the orthotropy directions by Euler’s
angles.3. Eulerian description of the model with orientational
variables
We describe the behaviour of the elasto-plastic material in the
Eulerian description, starting from the model previously presented
in (8) and (9). The following steps have to be pursued (for a de-
tailed presentation of the procedure see Cleja-Tigoiu, 2000a):
 The hat functions have been introduced, by the procedure listed
in (11).
 By pushing away to the deformed conﬁguration, the new vari-
ables listed in (12) will be introduced in the hat functions, based
on their isotropy, as for instance for bNp.
Re bNp p;a;n1 n1;n2 n2ð Þ Reð ÞT ¼ N^p T;a;m1 m1;m2 m2ð Þ;
ð19Þ
 Finally, we introduce the deﬁnitions and expressions for the
objective derivatives listed in (13).
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M.1 The linear elastic type constitutive equation gives rise to a
Cauchy stress in terms of the small elastic strain measure, pushed
away to the actual conﬁguration:
T ¼ bEðm1 m1;m2 m2Þ½e; e ¼ ReeReT: ð20Þ
The expression for bE is written in (60) and (62).
M.2 The yield condition for kinematic hardening material,
which is quadratic with respect to p  a and the invariant g6,
and is pushed away to the actual conﬁguration, allows the
representation:
bF ¼ C1S  Sþ C2S2  n1  n1ð Þ þ C3S2  n2  n2ð Þ
þ C4 Sn1  n1
 2
þ C5 Sn2  n2
 2
þ C6 Sn1  n1
 
Sn2  n2
 
 k; ð21Þ
where S ¼ T a represents the effective stress. Here a classical form
of Hill’s criterion (Hill, 1950) with kinematic hardening in terms of
six (anisotropic) yield parameters Cj, j = 1, 2, 3. (21) appears to be
identical to expression A1 from Dafalias and Rashid (1989), where
the stress is used instead of the effective stress.
Remark. The plastic criterion considered in (21) is not explicitly
dependent on trT, which means that it is not dependent on the
hydrostatic pressure. Note that for anisotropic materials, see the
expression for trNp that holds as a consequence of (24) and Cleja-
Tigoiu (2000a,b), even if S is a deviatoric tensor, tr _PP1 is generally
non-zero. Consequently, we do not introduced here an additional
hypothesis that T and a are deviatoric tensors, but we could choose
the material constants in such a way that tr _PP1 ¼ 0.
M.3 The evolution equations are associated with the yield con-
dition written in (21) with the new plastic factor l^ ¼ l which sat-
isﬁes the appropriate conditions that follows from (9):
l^P 0; bF 6 0; l^ bF ¼ 0 and l^ d
dt
ð bF Þ ¼ 0: ð22Þ
M.4 The symmetric part of the rate of the plastic deformation in
the actual conﬁguration is described as a ﬂow rule associated with
the yield condition (21):
ReDpðReÞT ¼ l^bNpðT; a;m1 m1;m2 m2Þ; bNp ¼ oT bF ; ð23Þ
if the ﬂow rule has been previously postulated by Npðp;aÞ ¼ opF .
Then the ﬂow rule (23) is deﬁned through the constitutive function
bNp ¼ 2C1Sþ C2 S m1 m1ð Þ þ m1 m1ð ÞSh i
þ C3 S m2 m2ð Þ þ m2 m2ð ÞS
h i
þ 2C4 S  m1 m1ð Þ
 
m1 m1ð Þ
þ 2C5 S  m2 m2ð Þ
 
m2 m2ð Þ
þ C6 S  m1 m1ð Þ m2 m2ð Þ þ S  m2 m2ð Þ m1 m1ð Þ
h i
;
with S ¼ T a: ð24Þ
M.5 The expression of the plastic spin pushed forward to the
actual conﬁguration leads to a constitutive representation with
the isotropic function bXp:
ReWp Reð ÞT ¼ l^ bXp T;a;m1 m1;m2 m2ð Þ: ð25ÞThree types of equations deﬁning the plastic spin should be
used in this paper, namely:
 The Mandel type plastic spin has been proposed in Cleja-Tigoiu
(2007) in the form:bXp ¼ A1 m1 m1ð ÞSn oa þ A2f m2 m2ð ÞSga; ð26Þ
that is derived from a Mandel type quadratical yield condition in
terms of R :¼ ETEp in the case of large elastic part of deforma-
tion, see Cleja-Tigoiu (2000b).
 The expression of a plastic spin, called the Liu–Wang type plastic
spin, has been introduced bybXp ¼ g1 bNp m1 m1ð Þn oa þ g2 bNp m2 m2ð Þn oa
þ g3 m1 m1ð ÞbNp m2 m2ð Þn oa; ð27Þ
as a consequence of Wang’s representation theorem in Wang
(1970), and which is applied for a skew-symmetric tensor ﬁeld
dependent on the orientational tensors and symmetric tensor
ﬁelds.
Remark. A three material parameter representation has been
postulated earlier by Dafalias (1985), through a formula which
is similar to (27), but with T instead of bNp.
 The Dafalias type plastic spin is viewed as a non-coaxility of the
rate of plastic deformation, but with respect to the effective
stress:bXp ¼ g SbNp  bNpS ; ð28Þ
apart from that proposed in Dafalias (1985, 2000), where S is re-
placed by T.
M.6 The evolution equation for the tensorial hardening variable
in the actual conﬁguration is described by a Prager–Ziegler harden-
ing rule addapted to the orthotropic material:
Re _a Reð ÞT ¼ ll^ T;a;m1 m1;m2 m2ð Þ;
l^ ¼ c0 bNp þ c1 bNp m1 m1ð Þ þ m1 m1ð ÞbNph i
þ c2 bNp m2 m2ð Þ þ m2 m2ð ÞbNph i;
ð29Þ
generally with the material functions cm depending on the ortotho-
pic invariants of Np, but here constant.
Conclusions. The spinxe which occurs in the expression for the
objective derivatives can be expressed by
xe ¼W l^ bXp; ð30Þ
as a direct consequence of (7), together with the appropriate consti-
tutive representation of the plastic spin (25) via bXp.
Remark. Under the hypothesis that the evolution equation for
hardening variable and the skew symmetric part of _PP1 are
generated by the symmetric part of the rate of plastic deformation
only, but being g6  invariant, the appropriate form for the spin
representation is that written in (27). If the ﬂow rule is adopted to
be associated with a representation for the yield surface, which is
quadratic with respect to the stress, then Eq. (27) expanded in
reference to the orthotropic axes in the deformed conﬁguration
acquires the form of Dafalias (1985) or Dafalias and Rashid (2000).
Liu–Wang and Mandel type spins are linear with respect to the
effective stress, apart from the Dafalias spin which is quadratic
with respect to the effective stress. Note that the Liu–Wang type
plastic spin is more general than the Mandel type spin.
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If we take the time differential for the elastic type constitutive
Eqs. (20), we can reformulate the constitutive model.
Theorem 1. Let a history of the deformation process be given, i.e. t?
F(t) for a ﬁxed material point with D ¼ f _FðFÞ1gs andW ¼ f _FðFÞ1ga.
The time evolution of the set of variables {T,a,mk} is described, in terms
of the objective derivatives deﬁned in (13), by the differential system:
D
Dt
T ¼ bEðm1 m1;m2 m2Þ½D  l^bEðm1 m1;m2 m2Þ½bNp;
D
Dt
a ¼ l^l^ðT;a;m1 m1;m2 m2Þ;
D
Dt
mk ¼ 0; DDtmk :¼ _mk x
emk; with xe ¼W l^ bXp:
ð31Þ
The differential system is associated with the yield condition (21) and
the plastic factor expressed from (22) through:
l^¼ 1
h^c
hbiHð bF Þ; h^c ¼ bE bNph i  bNpþ bNp  l^; b¼ bE bNph i D: ð32Þ
Here H is the Heaviside function deﬁned by HðxÞ ¼ 0 for x < 0 and
H ¼ 1 for xP 0. The positive part of the real number x is denoted
by hxi, i.e. hxi = 0 for x < 0 and hxi = x for xP 0.
The peculiar representation of the constitutive function bNp in
terms of the effective stress, which occurs in the evolution Eqs.
(31)1,2 together with (29), allows us to reduce the number of un-
knowns, and to solve ﬁrst a differential system for effective stress
and orientational variables only.
Theorem 2. For a given history of deformation t? F(t), the time
evolution of the variables fS ¼ T a;mkg is given by
d
dt
SxeSþ Sxe ¼ bE½D  l^ bE bNph iþ l^ ; _mk ¼ xemk; ð33Þ
where xe ¼W l^ bXp, together with (32) and (21).
The following initial conditions at the moment t = t0 are at-
tached to the problem
S ¼ 0; Re ¼ I; mk ¼ nk; 8k 2 f1;2;3g: ð34Þ
Remark. A relative simple form of the system could be obtained if
we consider the projection on the anisotropic directions in the
deformed conﬁguration of the objective derivative, say for the
stress:
d
dt
ðmk  TmpÞ ¼mk  DDt T
 
mp: ð35Þ
Based on the above remark and the differential type equations
for Euler’s angles, derived as a consequence of (30) together with
(18), we prove the basic result of the paper.Theorem 3. For a given history of the deformation, the components of
the effective stress S in projection on the orientational variables
mi mj and the Euler angles are described by
d
dt
Sij ¼mi  bE D½ mj  l^mi  bE bNph iþ l^ mj;
_uþ _w cos h ¼m2  W l^ bXp m1;
 _h sinuþ _w sin h cosu ¼m3  W l^ bXp m1;
_h cosuþ _w sin h sinu ¼m3  W l^ bXp m2:
ð36ÞThe initial conditions are given by
Sijðt0Þ ¼ 0; wðt0Þ ¼ W0; h ¼ h0; uðt0Þ ¼ U0: ð37Þ
In order to derive the explicit form of the system of differential
equations for the components of the effective stresses, we intro-
duce the following notations for the components of the rate of
deformation and the motion spin, respectively, with respect to
the rotated orthotropic directions:
eDij ¼mi  Dmj; fWij ¼mi Wmj; ð38Þ
and the new six yield parameters:
K11 ¼ C1 þ C2 þ C4; K12 ¼ C6; K22 ¼ C1 þ C3 þ C5;
K33 ¼ C1; Km1 ¼ 2C1 þ C2 þ C3; Km2 ¼ 2C1 þ C2;
ð39Þ
which allow us to represent the current yield surface (21) in terms
of the projection on the directions mi mj:
bF S; a  ¼ K11S211 þ K22S222 þ K33S233 þ Km1S212 þ Km2S213
þ 2K33 þ Km1  Km2ð ÞS223 þ K12S11S22  k: ð40Þ
The components mi  bNpmj are calculated from (24) together with
(39):
bNp 
11
¼ 2S11K11 þ S22K12; bNp 
22
¼ S11K12 þ 2S22K22;
bNp 
33
¼ 2K33S33; bNp 
12
¼ Km1S12;
bNp 
13
¼ Km2S13; bNp 
23
¼ 2K33 þ Km1  Km2ð ÞS23:
ð41Þ
In (36) the termmi  bE½Dmj can be calculated directly using the for-
mula (62) in which Dij are replaced by eDij. The components
mi  bE½bNpmj are listed in (63) together with (64) being calculated
using again formula (62) in which Dij are replaced by the compo-
nents listed in (41). Finallymi  l^mj are calculated from (29) bearing
in mind that the components for bNp derived in (41), see formulae
(65) and (66). The following theorems are directly obtained:
Theorem 4. We suppose that the plastic spin is described by Mandel
type expression (26). Then the differential system which describes the
effective stress components in the basis mi mj and Euler’s angles as
time dependent functions is expressed in the form:
_S11 ¼ l^ S11 B1111 þ p1111ð Þ þ S22 B1122 þ p1122ð Þ þ S33B1133
h i
þ eD11a11 þ eD22a12 þ eD33a13;
_S22 ¼ l^ S11 B2211 þ p2211ð Þ þ S22 B2222 þ p2222ð Þ þ S33B2233
h i
þ eD11a12 þ eD22a22 þ eD33a23;
_S33 ¼ l^ S11B3311 þ S22B3322 þ S33 B3333 þ p3333ð Þ
h i
þ eD11a13 þ eD22a23 þ eD33a33;
_S12 ¼ l^S12 B1212 þ p1212ð Þ þ eD12a44;
_S13 ¼ l^S13 B1313 þ p1313ð Þ þ eD13a66;
_S23 ¼ l^S23 B2323 þ p2323ð Þ þ eD23a55;
ð42Þ
if and only if sinh– 0, i.e.
_u¼ l^
2
A1A2ð ÞS12 coth A1S13 cosuþA2S23 sinu
 h i
 coth fW 31 cosuþfW 32 sinu ;
_h¼ l^
2
A1S13 sinuþA2S23 cosu
 
þfW 31 sinuþfW 32 cosu ;
_w¼ l^
2
1
sinh
A1S13 cosuþA2S23 sinu
 
þ 1
sinh
fW 31 cosuþfW 32 sinu ;
ð43Þ
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(66).
The initial conditions are given by Sijðt0Þ ¼ 0;wðt0Þ ¼ W0; hðt0Þ ¼
h0–0;uðt0Þ ¼ U0.
In the above differential system, the yield function is deﬁned by
(21), the plastic factor (32) is expressed through the components of
S and D in terms of b:
l^ ¼ 1
hc
ibhH bF ;
b ¼ B1111S11 þ B1122S22 þ B1133S33
 eD11
þ B2211S11 þ B2222S22 þ B2233S33
 eD22
þ B3311S11 þ B3322S22 þ B3333S33
 eD33
þ 2B1212S12 eD12 þ 2B1313S13 eD13 þ 2B2323S23 eD23;
ð44Þ
with the hardening parameter hc expressed by
hc ¼ H1111S211 þ H1122S11S22 þ H1133S11S33 þ H2222S222
þ H3333S233 þ H2233S22S33 þ H1212S212 þ H1313S213
þ H2323S223: ð45Þ
The constant parameters in the above expressions are given in (67).
Theorem 5. If the plastic spin is described by the Liu–Wang type
expression (27), then the differential system which describes the
effective stress components in the basis mi mj is given by (42) and
Euler’s angles as time dependent functions, again for h(t0)– 0, are
expressed in the form:
_u ¼ l^
2
½ g1 þ g2 þ g3ð ÞKm1S12
 cot h g2 2K33 þ Km1  Km2ð ÞS23 sinu g1Km2S13 cosu
 
;
_h ¼ l^
2
½ g1Km2ð ÞS13 sinu g2 2K33 þ Km1  Km2ð ÞS23 cosu;
_w ¼ l^
2
1
sin h
½g1Km2S13 cosu g2 2K33 þ Km1  Km2ð ÞS23 sinu:
ð46Þ
In (46)W = 0. For arbitrarily givenW the terms containing its com-
ponents, which appear in (43), have to be added in the right hand
side of (46).Theorem 6. We suppose that the plastic spin is described this time by
the Dafalias type expression (28). Then the differential system which
describes the effective stress components in the basis mi mj is given
by (42), while the time derivatives of Euler’s angles are expressed in
the form (again written for W = 0, and h(t0)– 0)
_u ¼ l^gfk1S11S12 þ k2S22S12 þ k3S23S13
 cot h½ k4S13S12 þ k7S22S23 þ k4S23S33  K12S11S23
 
sin uð Þ þ k6S11S13 þ k5S12S23 þ k5S13S33
 
cosug;
_h ¼ l^g½ k6S11S13 þ k5S12S23 þ k5S13S33
 
sinu
þ k4S13S12 þ k7S22S23 þ k4S23S33  K12S11S23
 
cosu;
_w ¼ l^ g
sin h
½ k4S13S12 þ k7S22S23 þ k4S23S33  K12S11S23
 
sinu k6S11S13 þ k5S12S23 þ k5S13S33
 
cosu:
ð47Þ
Here the new plastic constants ki, i = 1, . . . ,7, are given byk1 :¼ ðKm1þK122K11Þ; k2 :¼ 2K22K12Km1;
k3 :¼2K33þKm1Km2; k4 :¼Km2Km1;
k5 :¼2K33Km2; k6 :¼Km22K11; k7 :¼ 2K33þKm1Km22K22;
ð48Þ
and they are expressed in terms of the yield constants.
Theorem 7. For all three plastic spins, when sinh is vanishing at every
time t, the special case when sinh = 0 at every time t can be derived
from the general system (42), together with either (43) for the Mandel
type plastic spin, or (46) for the Liu–Wang plastic spin, or (47) for the
Dafalias plastic spin. The effective shear stresses S13 and S23 neces-
sarily become zero. Only one of Euler’s angle is involved in the
problem, namely the proper rotation u. This happens if and only if the
shear component of the effective stress S12 is not zero. The rotational
anisotropy is described by
_u ¼ l^gKm1S12; for Mandel and Liu—Wang spins;
_u ¼ l^gðk1S11 þ k2S22ÞS12; for the Dafalias spin;
ð49Þ
where g is either g ¼ 12Km1 ðA1  A2Þ for the Mandel spin, or
g ¼ ðg1 þ g2 þ g3Þ for Liu–Wang spin and k1, k2 are given by (48).
In order to prove the aforementioned result, let us remark that
from the last equation written in (43), multiplied by sin h, and from
the evolution for h we get:
A1S13 cosuþ A2S23 sinu ¼ 0; A1S13 sinuþ A2S23 cosu ¼ 0;
ð50Þ
when h = 0. Thus as a consequence of (50) S13 ¼ S23 ¼ 0, and when
we come back to the system (43), the only equation which describes
the rotation of the orthotropic axes is (49).
A similar results can be proven for the Liu and Wang plastic spin,
via (27), and for the Dafalias plastic spin via (28), respectively.
The qualitative difference is emphasized in Theorem 7, namely
_u is quadratic in the effective stress components for the Dafalias
spin, while _u is linearly dependent on the effective shear stress
component for the other two.
4. Homogeneous deformation of the sheet
We simulate a local homogeneous process in order to empha-
size the orientational anisotropy.
Consider an orthotropic sheet with the geometrical axes {jk},
and whose initial orthotropic axes {nk} are different from the geo-
metrical axes of the sheet, see Fig. 1. In this application we consider
a homogeneous deformation process:
F ¼ k1ðtÞj1  j1 þ k2ðtÞj2  j2 þ k3ðtÞj3  j3; with k3ðtÞ ¼ 1:
ð51Þ
The rate of deformation and the spin motion are given by
L ¼ _FF1 ¼
_k1
k1
j1  j1 þ
_k2
k2
j2  j2; D ¼ L; and W ¼ 0: ð52Þ
Proposition 2. The components of the rate of deformation tensor eDij
with respect to the actual orthotropic directions mi mj are calcu-
lated using the rotation tensor R, in terms of the component of D in the
ﬁxed axes ji  jk via formula (38). In matrix form, these components
are given by
ðeDijÞ ¼
_k1
k1
R211þ
_k2
k2
R221
_k1
k1
R11R12þ _k2k2 R22R21
_k1
k1
R11R13þ _k2k2 R21R23
_k1
k1
R11R12þ _k2k2 R22R21
_k1
k1
R212þ
_k2
k2
R222
_k1
k1
R12R13þ _k2k2 R22R23
_k1
k1
R11R13þ _k2k2 R21R23
_k1
k1
R12R13þ _k2k2 R22R23
_k1
k1
R213þ
_k2
k2
R223
0
BBB@
1
CCCA:
ð53Þ
j
2
j
1
j
3
m
1
m
2
m
3
θ
Fig. 1. Orthotropic sheet with current orthotropic axes {mk} different from its
geometrical directions {jk}.
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time of the effective stress Sij and Euler angles, in the projections
on the actual orthotropic axes for the applied homogeneous defor-
mation process, are described by Theorems 4–6 related to various
choices for the plastic spin.0 0.005 0.01 0.015 0.02
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Fig. 2. Dependence of the stresses T11 and T12 on the material constant K11 and
initial Euler angle U0, for W0 = p/3, h0 = p/3.Theorem 8. The rotation of the orthotropic axes remains in plane, i.e.
in the plane of the sheet, only if one of the initial orthotropic axes is
orthogonal to the sheet, for all three plastic spins considered.Proof. We suppose that none of the orthotropic axes is orthogonal
to the sheet surface, and the rotation of the orthotropic axes
remains in the plane. The initial conditions at time t = 0, P = I,
a = 0, e = 0, h = h0– 0, w =W0, u =U0, are associated with the dif-
ferential system (42) and (43), written for the deformation process
given in (51). No variation in time for Euler angles, for the plastic
deformation, as well as for hardening variable a, occurs in the elas-
tic behaviour. We proved in Theorem 7 that S13 ¼ S23 ¼ 0 necessar-
ily hold, during the considered deformation process with the
motion spin vanishing. The elastic solution can be calculated
directly from (60)–(62). First we calculate the small strains that
corresponds to the homogeneous deformation (51), with respect
to the axes jk;11 ¼ 1=2ðk21  1Þ; 22 ¼ 1=2ðk22  1Þ, and 33 = 0,
ij = 0 for i– j. By the hypothesis of the proof, we found that
n1  Tn3 and n2  Tn3 are vanishing, and h0– 0. From the elastic
response, see (62), we found that the appropriate components of
the small strains ~13 and ~23 have to be zero. Since the components
of the elastic strain in the initial orthotropic axes can be similarly
calculated using (53), we arrive at the following algebraic system:0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 0.018 0.02
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Fig. 3. Dependence of the Euler anglesW W0 (withW = w), h  h0 on the material
constant K11 and initial Euler angle U0, when W0 = p/3, h0 = p/3.
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~23 :¼ 11R12ð0ÞR13ð0Þ þ 22R22ð0ÞR23ð0Þ ¼ 0:
ð54Þ
In order to have non-zero elastic strain, the determinant of (54)
should be zero, i.e. cosh0(sinh0)2 	 sin(2U0) = 0. Under the hypothe-
sis h0 – 0, it is sufﬁcient to consider sinU0 = 0. Then from (16) it
follows that R13(0) = 0, and 22 = 0 at every time t, along the elastic
solution. Consequently, at the moment t0, when the stress state is
on the yield surface, we have the initial conditions h0– 0, U0 = 0,
W0 – 0, and S13 ¼ S23 ¼ 0;8t. From the differential system (42)
and (43) we obtain the following necessary conditions:
eD13 ¼ 0; eD23 ¼ 0; _u ¼ l^2 ½ðA1  A2ÞS12; _h ¼ 0; _w ¼ 0: ð55Þ
We arrive at the algebraic system eD13 ¼ 0; eD23 ¼ 0 with respect to
_k1
k1
and
_k2
k2
, which is similar to (54). Then sin(2u) = 0, i.e. _u ¼ 0, and
consequently S12 ¼ 0;8t P t0. At the moment t0; S12 ¼ T12 ¼ 0, and
from the elastic constitutive law (62) written in projection to the
orthotropic axes we obtain ~12ðt0Þ ¼ 0. Bearing in mind the appro-
priate formula (53) together with (16), it follows ~12ðt0Þ ¼
 sinð2W0Þ11ðt0Þ–0. Thus we arrived at a contradiction.
Numerical solutions: The appropriate differential systems, see
Theorems 4–7, were numerically integrated for k2(t) = k3(t) = 1
and various initial conditions using Matlab codes. The differentialFig. 4. Dependence of the stress components T11 and T12 on the material constant
K22 and initial Euler angle U0, for the initial conditionW0 = p/3, h0 = p/3. The failure
is produced for the material constant K22/2 and the initial condition U0 = p/4 and
U0 = p/3, respectively. Linear graphics correspond to the behaviour that remains
elastic.equations are rate independent, and the time variable could be
replaced by k1 if its variation in time is not vanishing, i.e. _k1–0:
The solution of the differential systems Sij (in the orthotropic basis)
and Euler angles, together with the components of the tensorial
hardening variables a in the same basis, denoted by Aij, allow us
to ﬁnd numerically the components Tij in the geometrical basis
ji  jk, i, j = 1, 2, 3, and w W0, u U0, h  h0, which characterize
the elastic rotation tensor, as well as the hardening parameter hc
which has to remain non-negative, and b to check the switch from
the elastic to the plastic solutions. Let us introduce the equivalent
plastic deformation, which corresponds to the nominal strain
x = ln (k1(t)) by the following deﬁnition:
PðxÞ ¼
Z x
x0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
DPðuÞ  DPðuÞ
r
du; ð56Þ
where x = ln (k1(t)) and x0 = ln (k1(t1)) are calculated at the moment
t1, when the yield condition is reached in the uniaxial tensile test.
Thus the functions depending on ln (k1) could be represented in
terms of P.
The set of numerical values has been considered for the dimen-
sionless material parameters (i.e. the original ones divided by
108 Pa)Fig. 5. Dependence of the Euler anglesW W0 (withW = w), h  h0 on the material
constant K22 and on the initial Euler angle U0, for the initial condition W0 = p/3,
h0 = p/3. The failure is produced for the material constant K22/2 and the initial
condition U0 = p/4 and U0 = p/3, respectively.
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a12 ¼ a13 ¼ a66 ¼ 6:1225	102;
a22 ¼ 1:881	103; a23 ¼ 5:9770	102;
a33 ¼ a22; a44 ¼ a55 ¼ 1:16	103;
plastic constants : K11 ¼ 0:0665; K12 ¼0:0776;
K22 ¼ 0:0671; K33 ¼ 0:0671=4;
Km1 ¼ 0:1566; Km2 ¼ 2	0:0776;
hardening constants : c0 ¼ 12:8333; c1 ¼ 1:2333; c2 ¼ 2:4667;
plastic spin parameters : A1 ¼ 15; A2 ¼ 45 ðfor the Mandel spinÞ;
g¼1:287	103 ðfor the Dafalias spinÞ;
g1 ¼9:66	10; g2 ¼1:2	103;
g3 ¼6:9	102 ðfor the Liu—Wang spinÞ
ð57Þ
Remark. When we make the comparison with the experimental
data in the numerical simulations, the same material constants
have to be considered, but only three ratio for plastic material
constants are given in Kim and Yin (1997) (and used in Dafalias,
2000 too), f = F/N = 0.3613, g = G/N = 0.3535, h = H/N = 0.4957.0 0.005 0.01 0.015 0.02 0.025
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Fig. 6. Comparison of the stress components obtained for different plastic spins, for
the same material constant K11 and initial Euler angles U0 = p/6, W0 = 0, h0 = p/3.Thus, as a consequence of the identiﬁcation of Hill material
constants with our plastic constitutive parameters which are
involved in (21):
H þ G ¼ K11=k; H þ F ¼ K22=k; 2H ¼ K12=k; 2N ¼ Km1=k;
we calibrated the model to be compatible with these three numer-
ical values for appropriate ratios.
We exemplify the numerical calculation. The stress components
T11 and T12 are plotted in Fig. 2 and two of the elastic rotation
angles, w W0 and h  h0, are shown in Fig. 3. We recall that
rX ¼ 1=
ﬃﬃﬃﬃﬃﬃﬃ
K11
p
and rY ¼ 1=
ﬃﬃﬃﬃﬃﬃﬃ
K22
p
are the initial yield stress in the
orthotropic directions n1 and n2, respectively. Qualitative changes
have been observed in the graphics for T11 and T12 versus 11 (or by
11 ¼ 12 ððk1Þ2  1Þ), when K11 is replaced by K11/2, in this case rX
becomes smaller than rY. The inﬂuence of the initial condition
U0 and the material constant K11 on Euler angles w W0 and
h  h0, can be observed in Fig. 3.
Note that for certain values of the material constants listed in
(57) and corresponding to certain initial values, the hardening
parameter hc could become zero and, consequently, P?1. Thus
the failure has been produced. In Figs. 4 and 5 one can see the
dependence of the stress components and Euler angles on the0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 0.018 0.02
−5
−4
−3
−2
−1
0
1
ε
   Dafalias
   Liu−Wang
   Mandel
0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 0.018 0.02
−1
−0.5
0
0.5
1
1.5
   Dafalias
   Liu−Wang
   Mandel
a
b
Fig. 7. Comparison of Euler anglesW =w, and h, obtained for different plastic spins,
for the same material constant K11 and initial Euler anglesU0 = p/3,W0 = 0, h0 = p/3.
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been found for K22/2 (in this case rX becomes smaller than rY)
and corresponding to the initial values U0 = p/3 and U0 = p/4,
respectively. The failure points are marked in Figs. 4 and 5. From
the same ﬁgures it can be seen that for the same K22/2 and the ini-
tial condition U0 = p/6 the behaviour of the material remains elas-
tic, with no variation in time for Euler angles, due to the fact that b,
i.e. l, remains negative. No plastic loading occurs in this case.
Remarks about the plastic spin: Large differences can be observed
in the graphics plotted for the stress components and Euler angles,
when Dafalias plastic spin or Mandel plastic spin has been consid-
ered, in contrast with Mandel type and Liu–Wang type plastic
spins which lead to similar representations, see Figs. 6 and 7. The
oscillating behaviour can be seen in the graphs associated with
the Dafalias type plastic spin. We also formulate the supposition
that for elasto-plastic materials with higher values of the plastic
yield stresses, i.e. for smaller Kij, the effect of the Dafalias plastic
spin is signiﬁcant due to the fact that the plastic spin depends on
the square of the stresses, and supported also by Figs. 6 and 7.
Interpretation of numerical results for the plane rotation of the
orthotropic axes that can be assured if the orthotropic axes are ini-
tially described by Euler angles (h0 = 0,W0 = 0,U0).
Uniaxial yield stress: ru deﬁned by ru :¼ j1Tj1 = T11 is plotted in
Fig. 8(a) as a function of the angle U0 for different values of the
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Fig. 8. (a) Uniaxial yield stress ru :¼ j1  Tj1 distribution versus the angle U0, for
various equivalent plastic strains, with h0 = 0, W0 = 0. (b) The R ratio :¼ D
p
33
Dp22
as a
function of the nominal strain lnk1, for various values of U0 (h0 = 0, W0 = 0).The ratio ra is deﬁned by Kuroda and Tvergaard (2000) as the
ratio of the width to thickness plastic strain rates. The ratio ra is
assumed to be independent of the equivalent plastic strain for
any ﬁxed value of the angle of the orthotropic axis, a supposition
which has been related to the representation of the yield function,
similarly to that proposed by Barlat et al. (2005).
In our constitutive framework this is expressed in terms of the
effective stress by
1=ra ¼ R; R ¼m3  D
pm3
m2  Dpm2
¼ 2K33S33
2K22S22 þ K12S11 : ð58Þ
Thus R becomes a function of the nominal strain ln (k1), or P,
along the solutions of the differential equations. In Fig. 8(b), we
remark that R-ratio can be considered nearly constant for large
values of U0, while for its smaller values a very strong dependence
of the nominal strain ln (k1) is observed for small values of P.
Principal stresses: In the case of a plane rotation, the stress state
is described with respect to the ﬁxed axes jk by T33 and stresses T11,
T12, T22. The angle made by the ﬁrst eigenvector with the axis j1, say
a, is expressed by
tanð2aÞ ¼ 2T12
T11  T22 : ð59Þ
In Fig. 9, it can be seen that in an anisotropic elasto-plastic material
the principal axes of the stress do not coincide with the orthotropy0 0.01 0.02 0.03 0.04
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Fig. 9. The angle a, which measures the rotation of the principal stresses in plane,
versus the equivalent plastic strain P, (a) for Dafalias spin and (b) for Mandel spin.
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Fig. 10. Variation of the orientational angle U U0 (with U = u) versus 11, for all
plastic spin, the empirical curve and the experimental points, denoted by 
, which
are provided by Kim and Yin.
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occur for the small values of the plastic deformations. The graphs
have been plotted for the Dafalias and Mandel spins.
Hardening: The kinematic hardening is not directly inﬂuenced by
the plastic spin as it can be seen from the Eqs. (8) and (11), as a con-
sequence of the Prager and Ziegler hardening rule adapted to the
orthotropic material, see formula (29). This rule is dependent only
on the symmetric part of the rate of the plastic deformationf _PðPÞ1gs. In the evolution equation one could introduce for a,
for example, an expression of the form l(aXp(p,a) Xp(p,a)a),
which is essentially dependent on the plastic spin. However, it
should be clearly emphasized that the plastic spin inﬂuence is
inferred in the model through the solution of the differential equa-
tions formulated in Theorems 4–7, (i.e. the Euler angles which re-
placed the elastic rotation in the Eulerian setting are also
dependent on the choice of the plastic spins). The same kinematic
hardening parameters c0, c1, c2 have been used in Figs. 10 and 12
and they modeled a weakening hardening, as results from the or-
der of their magnitude in comparison with the elastic constants,
see Eqs. (57) and (67).
To show the kinematic hardening an illustration of the evolu-
tion of the back stress (of the tensorial internal variable a) through
its component A12 is provided in Fig. 11(a), for the three initial
values of initial anisotropy U0 = 30, 45, 60. The inﬂuence of
the plastic spins on the hardening, via the solution of the differen-
tial equations systems, are similar for Mandel and Liu–Wang spins,
while the Dafalias spin reveals a different character at the begin-
ning of the plastic deformation. The graphs have an appropriate
horizontal asymptotic dependent on the initial orientation of the
anisotropy direction, which means a strong inﬂuence of the orienta-
tional anisotropy. Similar conclusions are noticed in the resulting
shear stress T12 versus deformation 11 in Fig. 11(b).
Comparisons with the experimental data: In ﬁgures Figs. 10 and
12 the kinematic hardening parameters c0, c1, c2 are the same. Only
the yield (plastic) material constants are taken to be different for
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Fig. 12. Variation of the orientational angle U U0 (with U =u) versus 11, (a) for
the Dafalias type plastic spin corresponding to a softer material than the one given
in (57) and (b) for the Mandel type plastic spin, for the plastic spin constants chosen
to be A1 = 15 and A2 = 1615. The solid line curves represent the empirical solutions
proposed by Kim and Yin (1997), which can be found in their Fig. 5 for w = U0.
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Fig. 10 for Kij listed in (57), while the curves in Fig. 12 are plotted
for Kij 	 100, this means that the appropriate yield stresses, say
rY ¼ 1=
ﬃﬃﬃﬃﬃﬃ
Kij
p
are ten times smaller than the corresponding values
employed to obtain Fig. 10. This is rationale for which the material
was called a ‘‘softer material’’ for the data given in Fig. 12. The
experimental data provided by Kim and Yin (1997) on the orienta-
tional change of the orthotropic axes with the uniaxial strain have
been plotted in Figs. 10 and 12. The discrepancies, which appear in
the graphs plotted in Figs. 12 and 10 show that the material re-
sponse for the solutions of the appropriate differential systems is
dependent on the plastic material constants and not only through
the peculiar ratios of these parameters. Only when we choose in
our model the softer material, we obtain that the Dafalias plastic
spin expression, with a ﬁxed material spin parameter, for the ori-
entational anisotropy produces a satisfactory ﬁt of the experimen-
tal data as shown in Fig. 12(a), see also Fig. 12(b). We presented
Fig. 12(b), showing the variation of u U0 for the Mandel type
spin, where the same kinematic hardening parameters and yield
constants have been used, exactly as proceeded with the Dafalias
spin in Fig. 12(a). Although not illustrated, it should be mentionedthat a similar conclusion can be drawn for the Liu–Wang plastic
spin, like for the Mandel one. Concerning the attribute of opposite
rotationwhenu U0=-30 than whenu U0 = 45 or60, we no-
tice that Kim and Yin experimental data are best simulated only
with the Dafalias spin. For the other plastic spins considered in this
work, i.e. Mandel and Liu–Wang plastic spins, the orthotropic axis
n1 is rotated towards m1 in the same direction, for the aforemen-
tioned values of the angleU0. It should be mentioned that a monot-
onous behaviour of the angle u U0 with respect to the initial
direction of the anisotropic axes has been emphasized for the
Liu–Wang plastic spin, as well as the Mandel plastic spin, see
Fig. 12(b). The attribute of opposite rotation in Kim and Yin exper-
imental data, for one initial orthotropy direction in contrast with
the other two, is best simulated only with the Dafalias spin, because
of the quadratic dependence of the plastic spin on the stress, as al-
ready mentioned in the remark following Theorem 7. We have also
performed the numerical simulations reproduced in Fig. 12 for dif-
ferent plastic spins without hardening (i.e. c2 = c1 = c0 = 0) and with
hardening parameters one order larger than the previous ones gi-
ven in (57) (i.e. which corresponded to weak hardening), see Fig. 13.
Note that all ﬁgures have been plotted for a ﬁxed value of the
appropriate material plastic spin constant. Like in Dafalias (2000)
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orthotropic axes, see Fig. 10.5. Comments and conclusions
In this paper, we provided a constitutive framework with only
one plastic spin (unlike the multiple spins model by Dafalias,
1993) for a realistic description of the evolution of the orthotropy
orientation during the deformation process. A new formulation in
the Eulerian setting of the model, involving the Euler anges among
the variables. The Euler angles measure the change in the orienta-
tion of the orthotropic axes, the orientational anisotropy is essen-
tially due to the presence of the plastic spin in the constitutive
framework. We formulated the theorems describing, in an unifyied
manner, the evolution of the elasto-plastic material, regardless the
existence of a plane rotation, but for different types of plastic spins
considered here. The sufﬁcient condition, formulated in Theorem 8
together with Theorem 7, ensures the plane rotation of the aniso-
tropic directions and leads to practical conclusions: for all plastic
spins considered in this paper, in an anisotropic three-dimensional
body, a plane rotation of the orthotropic directions is realized in a
plane deformation process if one of the anisotropic axis, say j3, is
normal to the plane at the initial moment.
The change in the anisotropywas experimentally emphasized by
Kim and Yin (1997) in orthotropic sheets. In their performed exper-
iments the samples have been pre-strained, and peculiar hardening
effects are emphasized for second applied prestrains, see e.g. Figs. 3,
4(b) and (d). In the model proposed herein, we supposed that the
current yield surfaces are derived by a kinematic hardening rule,
which could be in agreement with hardening effects from Kim and
Yin and with the Baushinger effect experimentally observed under
pre-stressing by Phillips et al. (1972). A weak hardening is consid-
ered only. The kinematic hardening is not directly inﬂuenced by the
plastic spin, as a consequence of the Prager and Ziegler hardening
rule adapted to the orthotropicmaterial. This rule is dependent only
on the symmetric part of the rate of the plastic deformation.
The corotational formulation has been derived with respect to
the same elastic spin, whose constitutive formulation naturally
follows to be expressed in terms of the plastic spin. The change
in the anisotropy can be realized by the proposed model if and only
if the plastic spin is non-zero. For an isotropic elasto-plastic material,
all shear components become zero and no variation in time has
been observed for Euler’s angles, which means that orientational
anisotropy could not appear.
We noticed that for an appropriate choice of the plastic con-
stants, only through the Dafalias spinwith a peculiar constant value
for the material plastic spin we could ﬁnd a satisfactory ﬁt of the
experimental data from Kim and Yin (1997). Moreover, in these cir-
cumstances the rotations supported by the orthotropy axes during
the numerical simulations are in agreement with experiments.
No change in thevaluesof the appropriate spinparameters is nec-
essary in order to ﬁt separately the experimental data given for the
three reference angles. We mentioned the adapted values for the
constant g
0
:¼ gr, were g is the spin material constant and r = r1 is
the principal stress, made by Dafalias (2000), whereas Kim and Yin
(1997) employed some arbitrarily chosen values for a certain con-
stant to show the prediction of the empirical formula in Fig. 5.
We conclude that the variations between the considered
models can be seen as the inﬂuence of the plastic spin on the ori-
entational anisotropy only. It should be clearly emphasized that
the plastic spin inﬂuence is inferred in the model through the solu-
tion of the differential equations formulated in Theorems 4–7.
Moreover, for an anisotropic elasto-plastic material the principal
axes of the stress tensor do not coincide with the orthotropy direc-
tions, as shown in the model proposed herein.The graphs for the stress components show that the proposed
model is anisotropic in strength, ductibility, as well as in the plastic
ﬂow. Note that for certain materials and corresponding to the
initial orientation of the orthotropic axes, the failure has been
produced at different strengths and plastic deformations.
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Appendix A
(A1) Linear orthotropic elastic type constitutive equation.
The linear elastic and orthotropic type constitutive equation,
which corresponds to g6 invariant elastic type constitutive
equation with respect to the local relaxed (isoclinic) conﬁg-
uration in terms of the Piola–Kirchhoff tensor, is expressed
with nine elastic coefﬁcients in Cleja-Tigoiu (2000b) byT ¼ bE e½   bE m1 m1;m2 m2ð Þ e½ 
 ae  Iþ bm1 m1 þ cem2 m2½ Iþ de
þ e e m1 m1ð Þ þ m1 m1ð Þe½ 
þ f e m2 m2ð Þ þ m2 m2ð Þe½ 
þ be  Iþ he  m1 m1ð Þ þ ne  m2 m2ð Þ½  m1 m1ð Þ
þ ce  Iþ ne  m1 m1ð Þ þ pe  m2 m2ð Þ½  m2 m2ð Þ:
ð60Þ
Here T denotes the Cauchy stress tensor and  is the small deforma-
tion tensor. An equivalent representation for the linear orthotropic
elastic type constitutive equation can be formulated in terms of the
elastic material constants aij = aji:a11 ¼ aþ 2bþ dþ 2eþ h; a12 ¼ aþ bþ cþ n; a13 ¼ aþ b;
a22 ¼ aþ 2cþ dþ 2f þ p; a23 ¼ aþ c; a33 ¼ aþ d;
a44 ¼ dþ eþ f ; a55 ¼ dþ f ; a66 ¼ dþ e;
ð61Þ
in the form written below in the component representation written
for bE½D, in the orthotropic basis:bE D½  
11
¼ a11D11 þ a12D22 þ a13D33; bE D½  
12
¼ a44D12;
bE D½  
22
¼ a12D11 þ a22D22 þ a23D33; bE D½  
13
¼ a66D13;
bE D½  
33
¼ a13D11 þ a23D22 þ a33D33; bE D½  
23
¼ a55D23:
ð62Þ
We give here the components of the symmetric tensor bE½bNp on the
orthotropic basis (mi mj):bE bNph i 
11
¼ B1111S11 þ B1122S22 þ B1133S33;
bE bNph i 
12
¼ B1212S12;
bE bNph i 
22
¼ B2211S11 þ B2222S22 þ B2233S33;
bE bNph i 
13
¼ B1313S13;
bE bNph i 
33
¼ B3311S11 þ B3322S22 þ B3333S33;
bE bNph i 
23
¼ B2323S23:
ð63Þ
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stants through the relationships:B1111 ¼ 2a11K11 þ a12K12; B1122 ¼ a11K12 þ 2a12K22;
B1212 ¼ a44Km1;
B1133 ¼ 2a13K33; B2211 ¼ 2a12K11 þ a22K12;
B2222 ¼ a12K12 þ 2a22K22;
B2233 ¼ 2a23K33; B3311 ¼ 2a13K11 þ a23K12;
B3322 ¼ a13K12 þ 2a23K22;
B3333 ¼ 2a33K33; B1313 ¼ a66Km2;
B2323 ¼ a55ð2K33 þ Km1  Km2:
ð64Þ(A2) The components of the symmetric tensorial function l^ which
describes the evolution of the tensorial hardening variable
on the basis (mi mj) are calculated via the following
formulae:l^11 ¼ p1111S11 þ p1122S22; l^22 ¼ p2211S11 þ p2222S22;
l^33 ¼ p3333S33; l^12 ¼ p1212S12; l^13 ¼ p1313S13; l^23 ¼ p2323S23;
ð65Þ
with the coefﬁcients expressed in terms of the six yield constants asp1111 ¼ 2ðc0 þ 2c1ÞK11; p1122 ¼ ðc0 þ 2c1ÞK12;
p2211 ¼ ðc0 þ 2c2ÞK12;
p2222 ¼ 2ðc0 þ 2c2ÞK22; p3333 ¼ 2c0K33;
p1212 ¼ ðc0 þ c1 þ c2ÞKm1;
p1313 ¼ ðc0 þ c1ÞKm2; p2323 ¼ ðc0 þ c2Þð2K33 þ Km1  Km2Þ:
ð66Þ(A3) The coefﬁcient in the expression of the hardening hc are cal-
culated in terms of the material constants ci, Cj asH1111 ¼ 2B1111K11þB2211K12þ2p1111K11þp2211K12;
H1122 ¼ B1111K12þ2B1122K11þ2B2211K22þB2222K12
þp1111K12þ2p1122K11þ2p2211K22þp2222K12;
H1133 ¼ 2B1133K11þB2233K12þ2B3311K33;
H2222 ¼ B1122K12þ2B2222K22þp1122K12þ2p2222K22;
H2233 ¼ B1133K12þ2B2233K22þ2B3322K33;
H3333 ¼ 2B3333K33þ2p3333K33;
H1212 ¼ 2B1212Km1þ2p1212Km1;
H1313 ¼ 2B1313Km2þ2p1313Km2;
H2323 ¼ 2B2323ð2K33þKm1Km2Þþ2p2323ð2K33þKm1Km2Þ:
ð67ÞReferences
Barlat, F., Aretz, H., Yoon, J.W., Karabin, M.E., Brem, J.C., Dick, R.E., 2005. Linear
transformation-based anisotropic yield functions. Int. J. Plasticity 21, 1009–
1039.
Beju, I., Sóos, E., Teodorescu, P., 1983. Euclidean tensor calculus with applications.
In: Tehnica Bucuresti, (Ed.), Abacus Press, Tunbridge, Kent, England.
Cleja-Tigoiu, S., 1990. Large elasto-plastic deformations of materials with relaxed
conﬁgurations – I. Constitutive assumptions, II. Role of the complementary
plastic factor. Int. J. Eng. Sci., 273–284.
Cleja-Tigoiu, S., 2000a. Nonlinear elasto-plastic deformations of transversely
isotropic material and plastic spin. Int. J. Eng. Sci. 38, 737–763.
Cleja-Tigoiu, S., 2000b. Orthotropic R-models in ﬁnite elasto-plasticity. Rev. Roum.
Math. Pures Appl. 45, 219–227.
Cleja-Tigoiu, S., 2007. Anisotropic elasto-plastic model for large metal forming
deformation processes. In: Modeling and Experiments in Material Forming.
International Journal of Forming Processes, vol. 10, pp. 67–87.
Cleja-Tigoiu, S., Maugin, G.A., 2000. Eshelby’s stress tensors in ﬁnite elastoplasticity.
Acta Mech. 139, 231–249.
Cleja-Tigoiu, S., Soós, E., 1989. Material symmetry of elastoplastic materials with
relaxed conﬁgurations. Rev. Roum. Math. Pures Appl. 34, 513–521.
Cleja-Tigoiu, S., Soós, E., 1990. Elastoplastic models with relaxed conﬁgurations and
internal state variables. Appl. Mech. Rev. 43, 131–151.
Dafalias, Y.F., 1985. The plastic spin. J. Appl. Mech. Trans. ASME 52, 865–871.
Dafalias, Y.F., 1993. On multiple spins and texture development. Case study:
kinematic and orthotopic hardening. Acta Mech. 100, 171–194.
Dafalias, Y.F., 2000. Orientational evolution of plastic orthotropy in sheet metals. J.
Mech. Phys. Solids 48, 2231–2255.
Dafalias, Y.F., Rashid, M.M., 1989. The effect of the plastic spin on anisotropic
material behavior. Int. J. Plasticity 5, 227–246.
Hill, R., 1950. The Mathematical Theory of Plasticity. Calderon Press, Oxford.
Kim, K.H., Yin, J.J., 1997. Evolution of anisotropy under plane state. J. Mech. Phys.
Solids 45, 841–845.
Kuroda, M., Tvergaard, V., 2000. Forming diagrams for anisotropic metal sheets with
different yield criteria. Int. J. Solids Struct. 37, 5037–5059.
Liu, I-Shih, 1982. On representations of anisotropic invariants. Int. J. Eng. Sci. 40,
1099–1109.
Mandel, J., 1972. Plasticité classique et viscoplasticité. CISM-Udine, Springer-Verlag,
Vienna, New-York.
Phillips, A., Liu, C.S., Justusson, J.W., 1972. An experimental investigation of yield
surfaces at elevated temperatures. Acta Mech. 14, 119–146.
Teodosiu, C., 1970. A dynamic theory of dislocations and its applications to the
theory of the elastic–plastic continuum. In: Simmons, J.A., de Witt, R., Bullough,
R., (Eds.), Fundamental Aspects of Dislocation Theory. National Bureau
Standards (US), Specical Publication 317, II, 1970. pp. 837–876.
Wang, C.C., 1970. A new representation theorem for isotropic functions. Arch.
Ration. Mech. Anal. 36, 166–223.
